This study develops an improved inventory model to help the enterprises to advance their profit increasing and cost reduction in a single vendor single-buyer environment with general demand curve, adjustable production rate, and imperfect reworking process under permissible delay in payments. For advancing practical use in a real world, we are concerned with the following strategy determining, which includes the buyer's optimal selling price, order quantity, and the number of shipments per production run from the vendor to the buyer. An algorithm and numerical analysis are used to illustrate the solution procedure.
Introduction
In this highly competitive globalized environment, enterprises are forced to pace their supply according to the requirements of customers. Their initiative to have quick customer response will help them to occupy the market and become the market leaders. Many enterprises attempt to manage their supply chain effectively. One useful technique to achieve this target is to use just-in-time JIT and the key to a successful JIT system is to be able to benefit both the vendor and buyer. This is done through the mutual negotiations and agreements on how the savings are divided Hahn et al. 1 . JIT systems in today's supply chain environment require the creation of a new spirit of cooperation between the buyer and the vendor to gain and maintain a competitive advantage. As Ha and Kim 2 have pointed out, the integrated inventory model can contribute significantly to this vendor-buyer relationship. In Ohta and Furutani's 3 model, a supply chain system, which consists of the supplier, the buyer, and the customer, where the buyer corresponds to a wholesaler, analyzes the effect of customer order cancellations on s, S inventory policies for the supplier and the buyer in the supply chain system.
Mathematical Problems in Engineering
The spirit of cooperation among enterprises is needed to improve the effectiveness of the supply chain. One of the common strategies in the business cooperation is that the buyers are offered a permissible delay period to pay back for the goods bought without paying any interest. During this period, the buyer does not need to pay interest on goods kept in stock. However, higher interest is charged if the payment for the goods is not paid by the end of this period. For the vendor, he has the benefit of attracting the buyer to purchase his goods in large batches. Therefore, the existence of the permissible delay period will promote a vendor's selling and reduce on-hand stock level. Simultaneously, a buyer can earn the interest of the sales revenue and reduce the holding stock because of the reduced amount of capital invested in stock for the duration of the permissible delay period. Goyal and Cárdenas-Barrón 4 first developed an EOQ model with constant demand rate under conditions of permissible delay in payments. He supposed that no deterioration occurs and the capacity of the warehouse is unlimited. Besides, he also disregarded the difference between the selling price and the purchase cost, and concluded that the economic replenishment time interval and order quantity usually increase marginally under permissible delay in payments. Aggarwal and Jaggi 5 extended the Goyal's model to deteriorating items. Jamal et al. 6 farther extended the model of Goyal 7 to permit shortage and deterioration. Yang and Wee 8 developed a single-vendor, multibuyers inventory policy of a deteriorating item with a constant demand rate. Recently, Teng 9 amended the Goyal's model by considering the difference between the selling price and the purchase cost, and found an alternative conclusion. Abad and Jaggi 10 provided an integrated approach to the vendor for determining his pricing and credit policy when end demand is price sensitive. They considered the vendor-buyer relationship under a noncooperative as well as a cooperative situation and supposed that the vendor follows a lotfor-lot shipment policy. Huang and Yao 11 aimed at optimally coordinating inventory for a deteriorating item among all the partners in a supply chain system with a single vendor and multiple buyers so as to minimize the average total costs. Teng et al. 12 then improved Teng 9 by supposing that demand rate is price sensitive. Ouyang et al. 13 proposed a model with adjustable production rate under the condition of permissible delay in payments. Huang et al. 14 want to extend that fully permissible delay in payments to the supplier would offer the retailer partially permissible delay in payments. The retailer must make a partial payment to the supplier when the order is received. Then the retailer must pay off the remaining balance at the end of the permissible delay period. Their research showed that the trade credit strategy, as permissible delay in payments, could be a win-win strategy. Their analysis also identified that the total channel profit would increase while the vendor and the buyer could cooperate to share necessary business information with each other and balance the rate between production and market demand.
It is impractical that the above integrated vendor-buyer inventory models are assumed that the produced or received products are perfect without any imperfect quality item. In fact, due to the deteriorating production process of the vendor and the damage during the transportation process from the vendor to the buyer, an arrival order batch for the buyer may contain some percentage defectives. Therefore, the conventional integrated inventory model without quality consideration is inappropriate for the situation in which an arrival batch contains some imperfect quality items. Porteus 15 first incorporated the effect of defective items into the classical EOQ model and introduced the alternative of investing in process quality improvement through reducing uncontrollable process quality parameters. Rosenblatt and Lee 16 also considered the effect of an unreliable production process into the EPQ model.
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Their results showed that the average percentage of defective items would be increased by reducing the lot size. Lee and Rosenblatt 17 added process inspection consideration into production runs so that the change, which could move to the process out of control, could be inspected and restored earlier than classical EOQ models. Schwaller 18 extended the EOQ model by joining a known defective rate assumption into the incoming batches and that fixed and variable screening costs are incurred in finding and expelling. Zhang and Gerchak 19 considered a joint lot sizing and inspection policy in an EOQ model where a percentage defective is random. Cheng 20 recommended an EOQ model with demand-dependent unit production cost and imperfect production processes. He formulated the problem as a geometric programing and solved it to get closed-form optimal solutions. Recently, BenDaya and Hariga 21 examined the effect of defective items on production scheduling and established a mathematical model to illustrate the scheduling questions. Salameh and Jaber 22 considered a joint lot sizing and inspection policy under an EOQ model for items with imperfect quality. Their results showed that economic lot size quantity tends to increase as the average percentage of imperfect quality items increase. This contradicts with the finding of Rosenblatt and Lee 16 . They also considered that poor-quality items should be sold as a single batch at a discounted price prior to receiving the next shipment. Hayek and Salameh 23 studied an inventory operating policy under the condition that imperfect quality items would be reworked where shortages are allowed and backordered. Goyal 7 proposed a simple approach to determine the economic production quantity for items with imperfect quality.
From the above-mentioned arguments, for advancing practical use in a real world, this paper develops an integrated inventory model with process unreliability consideration and permissible delay in payments. Imperfect quality items are handled in the same way as proposed in Salameh and Jaber 22 . Yu et al. 24 developed a production-inventory model considering a deteriorating item with imperfect quality and partial backordering. This paper further extends the model of Ouyang et al. 13 to imperfect quality items. The main purpose is to maximize the joint total profit from the perspective of both the vendor and the buyer with the following strategy determining, which includes the buyer's optimal selling price, order quantity, and the number of shipments per production run.
The rest of this paper is organized as follows. The following section describes the notations and assumptions made herein. Section 3 reports on the proposed mathematical model and Section 4 establishes the solution procedure. Section 5 provides numerical examples to illustrate the analysis of Sections 3 and 4. The final section draws the research conclusions.
Notations and assumptions
To establish the proposed model, the following notations are used. The assumptions made in the paper are as follows.
Notations

Assumptions
1 There is a single vendor and single buyer for a single product.
2 The isoelastic curve the most conventionally assumed is selected as a price-demand function form throughout this model and we set D p γp −β , where γ > 0 is a scaling factor, and β ≥ 1 is an index of price elasticity.
9 During the vendor's production process, the produced items are continuously reviewed.
10 Under JIT manufacturing concept, defective items are not allowed. For maintaining JIT spirit and conforming to the truth, we assume that the reworking of defective items starts instantly they are fund in the same batch cycle and these reworked items are of perfect quality.
11 In a single batch at the end of the vendor's 100% inspecting process, if imperfect quality items are found and the repair cost must be paid.
12 The time horizon is infinite.
Model formulation
In this section, we formulate the model for the reality assuming that the vendor offers the permissible delay in payments to the buyer and imperfect quality items can be produced during a production run. We make use of the imperfect quality items consideration to extend the integrated inventory model established by Ouyang et al. 13 . Imperfect quality items are occurred in the vendor's production process, and these items can be reworked immediately in the same batch cycle. These imperfect quality items being reworked are of perfect quality. So the vendor delivers an order quantity of Q with perfect quality to the buyer and the buyer accepts it over n times. Figure 1 depicts the behavior of inventory levels for both the vendor and the buyer, which is along the notations and the assumptions shown above. The joint total annual profit for the vendor and the buyer consists of 3.1 the vendor's total annual profit, and 3.2 the buyer's total annual profit.
The vendor's total annual profit
In each production run, the vendor produces the item in the quantity of nQ with the rate of A and brings a setup cost S V as the buyer places an order of quantity Q over n times. But, the vendor's manufacturing will produce some imperfect quality items. It is assumed that each batch of size Q produced contains percentage defectives ZQ. From assumption 10 stated above, the quantity of ZQ with imperfect quality must be reworked instantly when they are fund. These reworked items are excellent in quality. So the vendor's production quantity can be divided into two parts: the quantity of n 1 − Z Q with perfect quality and the reworked quantity of nZQ with perfect quality. Therefore, the total production quantity for the vendor is still nQ and the buyer would receive it in n batches, which each has a quantity of Q with no defect. Following the above notations and assumptions, the components in the vendor's total annual profit function are Thus, the vendor's total annual profit, TP V n, p, Q , can be shown to be From the above discussions, total profit per year for the buyer, TP B1 p, Q , is given by 
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The expected joint total annual profit
Hence, the joint total annual profit function, JTP n, p, Q , can be expressed as
where
3.5
To reduce the notations used by 3.5 , we set Y ≡ c V h V I V p . We also replace Q DL and D D p γp −β into the joint total annual profit function JTP n, p, Q . Given that Z is a random variable with a known probability density function f z . Then we set the expected value of Z, μ E Z and the expected value of 3.4 , EJTP n, p, L , is given as
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3.8
Methodology
The objective of this paper is to find an optimal inventory policy to maximize the joint total annual profit between a vendor and a buyer.
Determination of the optimal number of shipments n for any given p and L
Firstly, taking the first-order and second-order partial derivatives of EJTP i n, p, L , for i 1, 2, with respect to n, we obtain
4.1
Therefore, for fixed p and L, EJTP i n, p, L is strongly concave on n > 0 for i 1, 2. Thus, in each production run, determining the optimal number of shipments n * , is simplified to obtain a global optimum.
Determination of the optimal replenishment time interval L for any given n and p
By taking the first-order and second-order partial derivatives of EJTP i n, p, L , for i 1, 2, with respect to L, we have 
To make certain L 1 < m, we exchange 4.6 into inequality L 1 < m, and get that
Then substituting 4.6 into 3.7 and rearranging the result leads to
4.8
From the inequality 4.7 , we know that if L 2 ≥ m, it means that
Next, we need to check the second-order partial derivative of EJTP 2 n, p, L for concavity with respect to L. The part Y n 1 − 1/λ − 1 2/λ Y n − 1 λ − 1 1 /λ , where n ≥ 1 and λ > 1, so it is certainly positive. Accordingly, it follows that
and the polynomial 4.5 is negative. Therefore, EJTP 2 n, p, L is also strongly concave on L for fixed n and p. Similarly, we can obtain an optimum of L 2 which maximizes EJTP 2 n, p, L . Solving for L 2 by equating 4.4 to be zero, we have
To make certain L 2 ≥ m, we exchange 4.11 into inequality L 2 ≥ m, and get that
4.12
Substituting 4.11 into 3.8 and rearranging 
4.13
Hence, the above processes on L lead to the following theorem.
Theorem 4.1. For any given n and p, we can get the following results. i If S V /n S B F < γp
Proof. The above processes on L imply that Theorem 4.1 holds.
Determination of the optimal selling price p
According to Theorem 4.1, we set a function of p, ψ p , as a distinction function which is given to be
14 ψ p is a monotonically decreasing function of p, and p is a monotonic variable, where given any p > p − such that ψ p < ψ p − , because dψ p dp
where n ≥ 1, λ > 1 and β > 1.
Utilizing the results in Theorem 4.1, we set p 0 such that
Then for any given p which is substituting into ψ p , we get
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By comparing 4.7 , 4.12 , and 4.17 , the following results can be yielded
Consequently, we know from 3.6 , 4.8 , 4.13 , and 4.18 that
where n is fixed. Solving for the optimal selling price p * , by taking the first-order partial derivative of 4.8 with respect to p and equating the result to be zero, we obtain
Then we need to verify the second-order partial derivative condition for concavity, as
4.21
Likewise, taking the first-order partial derivative of 4.13 with respect to p and equating the result to be zero, we get 
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Step 1: set n 1.
Step 2: determine the p 0 by solving 4.16 .
Step Step
Step 6: set n n 1, repeat steps 2-5 to obtain EJTP n, p n , L n .
Step 7: if EJTP n, p n , L n ≥ EJTP n − 1, p n − 1 , L n − 1 , go to step 6. If not, go to step 8 and stop.
Step 8:
Consequently, the buyer's optimal order quantity per order is Q * D p * L * .
Algorithm 1
The second-order condition for concavity that we need to verify is 
Optimal solution procedure
Thus, we can use the following solution procedure to find optimal values n, p, and L for this model. The solution procedure is commonly known as dichotomy, as in Algorithm 1.
Numerical examples
Example 5.1. Consider an inventory situation with the following parametric values partially adopted in Ouyang et al. 13 and Salameh and Jaber 22 :
i scaling factor γ 100000,
ii index of price elasticity β 1.5,
iii ratio between the production rate and the demand rate λ 1. Table 1 . Table 1 shows that 1 the expected joint total annual profit increases when the permissible delay period m increases, 2 the optimal selling price p * and the optimal replenishment time interval L * are decreasing with the increasing of permissible delay period m, 3 as the annual demand D p * is increasing with the decreasing of p * , the buyer's expected total annual profit increases as well as the expected joint total annual profit, and 4 the optimal order quantity Q * decreases with the increasing of permissible delay period within the range of 0 < m ≤ 70. Generally speaking, a longer permissible delay period offered may motivate the buyer to carry out frequent shipments in small batches. It also can shorten the replenishment time interval to utilize the credit period in the profit increasing and cost reduction more and more. In addition, it also can be observed from Table 1 that when m < 44, the vendor's expected total annual profit follows the value of permissible delay period m increasing. But when m ≥ 44, the expected total annual profit of the vendor decreases as the value of permissible delay period m increases. These results indicate that the buyer can always profit from the permissible delay period. For the vendor, he can also profit from the permissible delay in payments strategy while the credit period of time is not longer than 44 days. But on the contrary, if the permissible delay period m is greater than 44 days, the vendor's expected total annual profit decreases through his sales revenue by permitting the buyer a credit period of time cannot disburse his opportunity cost. Based on the above discussions, it illustrates that applying the permissible delay in payments strategy in an integrated inventory model would advance the profit increasing and cost reduction.
Proceeding to the next, we compare the proposed model herein with the model established by Ouyang et al. 13 . The two models are mainly different from considering imperfect quality items or not. These comparison results are presented in Table 2 .
Clearly, it is seen that imperfect quality items cause a significant profit loss. The improvement of the joint profit is greater than 10%. Besides, we also compare the relevant profit of the vendor and the buyer in the proposed model with Ouyang et al. 13 further. The results show that the vendor's profit is downward obviously due to the effect of imperfect quality items. His profit improvement is very big and the improved range is greater than 45%. Table 1 reveals that the optimal selling prices p * s in the situations where the values of permissible delay period m ∈ {0, 10, 30, 60} are all higher than them as in Ouyang et al. 13 . Hence, this causes the annual demand D p * and the optimal order quantity Q * to be smaller than them as in Ouyang et al. 13 , this result also induces the damage of the vendor's sales revenue. Furthermore, the process unreliability consideration between the vendor and the buyer will incur the vendor to bear the warranty cost. So the vendor's profit in the proposed model is smaller than it as in Ouyang et al. 13 . But, the buyer's profit is upward, and his profit improvement is greater than 23%. The results reveal that the buyer's profit increment is from his profit raise owing to the higher optimal selling price p * which can pay for the total of his demand decrement owing to the higher optimal selling price p * and the inspecting cost incurred in finding and expelling imperfect quality items. Therefore, the buyer's profit in the proposed model is larger than it as in Ouyang et al. 13 . Then from the above discussions in Table 2 , it demonstrates that the proposed model produces a significant profit loss when comparing with the joint total annual profit without considering imperfect quality items. These results have really met the truth.
Example 5.2. We take the same values for the parameters as in Example 5.1. Suppose the value of permissible delay period m 30, we investigate the effect of the ratio between the production rate and the demand rate, λ. Similarly, we also compare the proposed model herein with the model of Ouyang et al. 13 . Following the above solution procedure, the computational results for various values of the ratio λ are presented in Table 3 . Table 3 reveals that the expected total annual profit of the vendor and the whole integrated inventory model increase as the value of the ratio λ is close to 1. On the contrary, the buyer's profit decreases. These results are the same as the conclusions in Ouyang et al. 13 . The results imply that if the JIT cooperation between the vendor and the buyer could be implemented successfully, the vendor's profit and the joint profit will increase following that the vendor can get the real time demand rate through the buyer and adjust his production rate to the demand rate. Comparison results between the proposed model and the model of Ouyang et al. 13 are shown in Table 4 . The results reveal that the profit improvement of the joint profit is greater than 10%. Obviously, imperfect quality items can lead to a noticeable profit loss. 
Conclusions
This paper investigates a production/inventory situation which producing process would go out of control under permissible delay in payments. In this research, we assume that in the vendor's production process, the imperfect quality items are reworked immediately as they are found and meantime the vendor must bear the repair cost. This new proposed model herein shows a different thought on inventory modeling. The expected joint total annual profit function has been derived. Then by analyzing this derived function, we can obtain the unique closed-form optimal solution for the replenishment time interval and develop a simple solution procedure to determine the buyer's optimal selling price, order quantity, and the number of shipments per production runs from the vendor to the buyer. Finally, the numerical examples adopted in the Ouyang et al. 13 and Salameh and Jaber 22 explain the solution algorithm. These results reveal that applying the permissible delay in payments strategy between the vendor and the buyer can promote the profit increasing and cost reduction. They also indicate that the successful implementation of JIT cooperation in an integrated inventory model leads to the profit rise of the whole inventory model. Besides, the proposed model generates an impressive profit loss when compared with the joint total annual profit without incorporating imperfect quality items into consideration.
